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ABSTRACT. In this paper, we introduce a new type of variational inequality prob-
lem (VIP) involving nonself multivalued mappings in CAT(0) spaces. We show
that this VIP problem admit a solution under suitable conditions. We also perform
the convergence analysis of introduced VIP via proximal multivalued Picard-S it-
eration. We finish our paper with some convergence theorems for new iteration
scheme and system of variational inequalities associated with finite family of non-

self multivalued nonexpansive mappings.

1. INTRODUCTION AND PRELIMINARIES

Many real life problem are moulded in the form of variational inequality problems
(VIPs). VIPs has many applications in different fields such as optimization theory,
economic equilibrium, game theory, mechanics and some others. Due to its wide
applications, many authors studied VIPs associated with various mappings. After
Hartman-Stampacchia theorem (see [I], [2]), this topic has become an independent
research topic and still continues to attract attention of researchers (see [3]-[§]).
However, most of the studies done in linear spaces like Hilbert spaces even though
most of the real life problems arise from nonlinear structures. Therefore, to study
VIPs in nonlinear structures like geodesic spaces is really important and it is gaining
attention of the researchers. In 2015, Khatibzadeh and Ranjbar introduced VIP
problem associated with single valued nonexpansive mappings in CAT(0) space.
They proved some existence and convergence results for the solution of the problem

associated with non-self operator in CAT(0) spaces.
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Motivated by this study, we introduce a new variational inequality problem (VIP)
associated with non-self multivalued nonexpansive mappings in CAT(0) spaces. We
show that the VIP problem admit a solution under suitable condition. Further,
we show that proximal multivalued Picard-S iteration converges to the solution of
the problem as well as fixed point of appropriate mapping. To follow this study,
we introduce system of variational inequalities associated with finite family of non-
self multivalued nonexpansive mappings in CAT(0) spaces and prove that modified
proximal multivalued Picard-S iteration is A-convergent and strong convergent to a
common solution of the system.

To make our paper self contained, lets collect some relevant and needed back-
ground material. Let (X, d) be a metric space then the family of nonempty, closed
and convex subsets of X, the family of nonempty compact and convex subsets of X,
the family of nonempty closed and bounded convex subsets of X will be denoted by
C(X), KC(X), CB(X), respectively. A subset K of X is called proximinal if for
each x € X, there exists an element k € K such that

d(x, k) =dist (z, K) = inf{d (z,y) : y € K}.

We shall denote by PB (K), the family of nonempty bounded proximinal subsets of
K.

The set of all proximinal point from x to K is denoted by
Pi(z)={ye K:d(z,y)=d(z,K)}.

This defines a mapping Py from X into 2% and is called the metric projection to K.
The metric projection mapping is also known as the nearest point projection map-
ping, proximity mapping and best approximation operator. Let H be a Hausdorff
metric on CB(X), defined by

H (A, B) = max {supd(x, B) ,supd(a:,A)} ,

z€A z€EB
where d (z, B) = inf {d (z,y) : y € B} . A multivalued mappings 7' : X — CB(X) is

called nonexpansive if for all z,y € X
H(Tz,Ty) < d(z,y)

is satisfied. A point is called fixed point of T' if € Tz and the set of all fixed
points of T" is denoted by F' (7).
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In 2005, Sastry and Babu [§] defined Ishikawa iteration scheme for multivalued
mappings. Let T : K — PB(K) a multivalued mapping and fix p € F (T'). Then
the sequence of Ishikawa iteration is defined as follows:

Choose =1 € K,

Yn = ann + (1 - ﬁn) Tn, {ﬁn} C [O, 1] ’
where z,, € T'z,, such that ||z, — p|| = d (p, T'z,) and
Tpi1 = anzh + (1 —ap) z,, {a,} C[0,1],

where z/, € Ty, such that ||z, — p|| = d (p, T'y,).

Sastry and Babu [8] proved that Ishikawa iteration scheme for a multivalued
nonexpansive mapping 7' (with a fixed point p) converges to a fixed point p of T
under suitable conditions. In 2007, Panyanak [9] extended the results of Sastry and
Babu to uniformly convex Banach space for multivalued nonexpansive mappings.
Panyanak also modified the iteration scheme of Sastry and Babu and posed the
question of convergence of this scheme.

In 2009, Song and Wang [10] pointed out the gap in the result of Panyanak
[9]. They removed the gap and offered a partial answer to the question raised by
Panyanak.

Simultaneously, Shahzad and Zegeye [11] extended the results of Sastry and Babu
[8], Song and Wang [10] and Panyanak [9] to quasi nonexpansive multivalued map-
pings beside relaxing the end point condition and compactness of the domain by
using the following modified iteration scheme which in fact offers an affirmative
answer to a question raised by Panyanak [9] even in a more general setting.

Let (X, d) be a metric space, z,y € X and C' C X nonempty subset. A geodesic
path joining x and y is a map ¢ : [0,t] C R — X such that ¢(0) =z, ¢(t) = y and
d(c(r),c(s)) =|r—s|forall r,s € [0,¢]. The image of ¢, ¢([0,]) is called geodesic
segment from z to y and if it is unique, then it is denoted by [z, y]. z € [z,y] if and
only if for an A € [0, 1] such that d(z,z) = (1 — X\)d (z,y) and d (z,y) = Ad (z,y).
The point z is denoted by z = (1 — \) x@® \y. If for every =,y € X there is a geodesic
path then (X, d) called geodesic space and uniquely geodesic space if that geodesic
path is unique for any pair x,y. A subset C' C X is called convex if it contains all

geodesic segment joining any pair of points in it.
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A geodesic space is called CAT(0) space if and only if the inequality (CN¥*)
d2 (I,(l - )\)y@AZ) < (1 - A)d2 (xuy) +>\d2 (LU,Z) - >\(1 - )\)d2 (yvz)
satisfied for every z,y,z € X, A € [0,1].

Proposition 1.1 ([13]). Let (X,d) be a CAT(0) space. Then, for any x,y,z € X
and X € [0, 1], we have

d(1=XNzx@® Iy, 2) <(1=XNd(x,2)+ Ny, z).
Let {x,} be a bounded sequence on X and z € X. Then, with setting

r(z,{z,}) = limsupd (z, z,)

n—o0

the asymptotic radius of {z,} is defined by

r({z,}) = inf{r (z, {z,}) : v € X},

the asymptotic radius of {z,} with respect to K C X is defined by

rx ({z,}) = inf{r (x,{z,}): x € K},

and the asymptotic center of {x,} is defined by

A({z}) ={z e X r(@{z.}) =r({z.})}.

and let wy, (z,) := UA ({x,}), where union is taken over all subsequences of {z,}.

Definition 1.2 ([I5]). A sequence {z,} C X is said to be A-convergent to z € X
if = is the unique asymptotic center of all subsequence {u,} of {z,}, i.e. wy, (z,) =
UA ({z,}) = {z}. In this case we write A-lim,, z,, = z.

Lemma 1.3 ([13]). (i) Every bounded sequence in a complete CAT(0) space has a

A-convergent subsequence.

(ii) If K is a closed convex subset of a complete CAT(0) and if {z,} is a bounded

sequence in K, then the asymptotic center of {x,} is in K.

Lemma 1.4 ([13]). If {z,} is a bounded sequence in X with A ({z,}) = {z} and
{u,} is a subsequence of {x,} with A ({u,}) = u and the sequence {d (z,,u)} con-

verges, then x = u.
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Theorem 1.5 ([14]). Let X be a bounded, complete and uniformly conver metric
space. If T is a multivalued nonexpansive mapping which assigns to each point of X

a nonempty compact subset of X, then T" has a fized point in X.

Gursoy and Karakaya [20] (see also [21]) introduced Picard-S iteration as follows:

Tpt+1 = Tyna
Yn = (1 — ap) Ty + a0, Tz,

where {a,} and {5, } are sequences in [0, 1]. They showed that it converges to fixed
point of contraction mappings faster than Ishikawa, Noor, SP, CR, S and some other
iterations. Also, they used it to solve certain delay differential equations.

Now, we define multivalued version of Picad-S iteration in CAT(0) spaces. Let
K nonempty, closed and convex subset of a CAT(0) space X and T': K — C (K)
a mapping. Then, for any xy € K the proximal multivalued Picard-S iteration is

defined as follows:

Tpt1 = PK (un> ;
Yn :PK ((l_an)wn@anvn)a (11)

where u,, € Ty, v, € Tz, and w,, € Tz, Pk is a metric projection, {a,} and {3,}
are sequences in [0, 1].

It is well known fact that in a complete CAT(0) space, the metric projection P (x)
of x onto a nonempty, closed and convex subset K is singleton and nonexpansive.
Berg and Nikolaev [19] introduced the concept of quasi-linearization which in an
analogue of inner-product in CAT(0) space as follows: For any a,b € X, % as a

vector in X, quasi-linear mapping is defined as
() (X xX)x (X xX)—=R,

(ab, o) = [ (a,d) + (b, ) — d*(a,c) — (b,d)]

N —
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for all a,b, c,d € X which satisfies following properties
(ab, ab) = d?(a, b),
(ab, ed) = —(ba, cd),
(ab, ab) = (@, cd) + (eb, ed),
(ab, cd) = d(a, b)d(c, d)

for all a,b,c,d,e € X. The last properties is known as a Cauchy-Schwarz inequality
and it is a characterization of CAT(0) space: A geodesic metric space is a CAT(0)
if and only if it satisfies Cauchy-Schwarz inequality.

Lemma 1.6 ([19]). Let X be a CAT(0) and K be a nonempty and convez subset of
X, z€ X andu € K. Then u= Pg(x) if and only if

(T, yt) <0 for all y € K.

For a nonempty closed and convex subset K of a real Hilbert space X, an operator

A : K — 2% is called monotone if and only if
(r —y,x*—y") >0

for all z,y € X, * € Ax and y* € Ay. The variational inequality associated with

monotone operator A is finding (u, ),eca, such that
(u,y—x) >0 forall ye K.

The VIPs associated with monotone operators have several applications in applied
mathematics. For further details and applications of VIPs, one can consult Kinder-
lehrer and Stampacchia (see [1, 2]).

In 2015, Khatibzadeh and Ranjbar [I§] introduced the concept of the variational

inequality associated with the nonexpansive mapping 7" in CAT(0) space as follows:
e
Find x € K such that <Txx, 9@> >0 forall ye K.

They proved some existence and convergence results for this problem.
The aim of this is to introduce the concept of variational inequality associated

with a non-self multivalued nonexpansive mapping 7" which run as follows:

Find (u, z)yere Such that <2ﬁ, 9@> >0 forall ye K. (1.2)
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We prove some existence and convergence results for this problem.

2. RESuLTS CONCERNING EXISTENCE OF A SOLUTION

Throughout this section, let us assume that K be a nonempty, closed and convex
subset of a complete CAT'(0) space X.

Definition 2.1. If K is also bounded subset of X and T': K — C(X), then the
projection PgT of multivalued mapping 7" onto K is defined by

PiT(x) = |J{Px(a)} ={Px(a)) 2’ € Tz}

€Tz
= {veK:d@ v)=D( K), 2’ € Tz},
where Pk is metric projection and D(2', K) = inf e g d(2',0").

Lemma 2.2. PpT(x) is a multivalued nonexpansive mapping from K to 2K.

Proof. Since K is closed, convex and bounded, P} (T'z) C K. By the nonexpansive-

ness of Py, we have

H(Pj(Tx), P(Ty)) = max { sup inf d(Pk ("), Px(y),

Py (z")ePyTa Pr(y)€PE Ty

sup inf d(PK(y/), Pk (I/) }

P (y')EPLTy Py (2')ePjTx

<max< sup inf d(z’,y'), sup inf d(y, 2
'eTz ¥ €TY y'€Ty ' €Tz

= H(Tz,Ty)

< d(z,y).

Lemma 2.3. If T is compact valued then Py is compact valued.

Proof. Let (v,) C PjT(x) be a sequence. Then there is a sequence (z,) C Tz

n

such that v, = Pk(x) for all n € N. Since T" is compact valued then (z/,) has a

convergent subsequence (z;, ) with limy_,o 2;, = 2z € T'r and since

d(Px(x,,), Pr(2)) < d(x),,2)

k
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for all k € N, we get that the sequence (v,,) = (Px(z],)) has a convergent subsequence
(1) = (Pic(al,)) with

lim (Pg(z),,)) = Px(z) € PrT(x).

k—o0

Hence, P;Tx is compact. 0]

Theorem 2.4. If T : K — KC(X), then there ezists a solution (u,)yer, of the
variational inequality (L2).

Proof. Since X is uniformly convex and 7" is compact valued, then, by Theorem [L.5]
Pk T has a fixed point p € PxT(p) C K. By the definition of PxT, there exists a
p' € Tp such that p = Pk (p'). By Lemma [[.6] we have (p'p,yp) < 0 for all y € K.
Hence, we have

(P'p,yp) >0 forally € K,
in which p’ € Tp. Therefore, (p/,p)pery is a solution of the problem (L2). O

Example 2.5. Let X = R? and K = {(m,y) 0< 2,0 <y, 2?2+9y*< 1}. Define
an operator T : K — KC(X) by

T(z,y) = By[(sinz — 1,siny — 1)].

Then T is a nonexpansive mapping without a fixed point. Also, (—1,—1) is in
7(0,0) so that ((—1, —1),(0,0)) is a solution of problem (I.2]).

Theorem 2.6. If x € int(K) and (u, T)yers 15 a solution of (L2), then x € F(T),

.., U =2x.

Proof. There exists an ¢ > 0 such that B(z,e) C K. Let us take ¢t € (0,1) such
that tz @ (1 — t)u € B(x,¢), that is, d(z,tz ® (1 — t)u) = (1 — t)d(z,u) < . Since
B(z,e) C K, then tx ® (1 —t)u € K and d(u,tx @ (1 — t)u) = td(u, x). Hence, we

have

\

0 < 2(ut,z(tr® (1 —tyu))

= d*(u,tr @ (1 —t)u) — d*(x,u) — d*(z,txr © (1 — t)u)
= *d*(x,u) — d*(z,u) — (1 —t)*d*(x, u)

= 2(t* — 1d(z,u) <0,
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which implies 2(t — 1)d(z,u) = 0. Since t € (0,1), d(z,u) = 0. Hence, we have
u=uxz¢€ Tz O

Example 2.7. Let X =R?, K = [0,7]? and T : K — KC(X) be defined by
T

T(z,y) = {(sin:v + 2w, siny + 2m), (cosx + §,cosy + g) ,

(arctanx — 27, arctany — 27r)}

Then 7' is a nonexpansive mapping with the fixed point (5, 5). Also (3, §) is in

T(Z,Z) so that ((£,%),(%,Z2)) is a solution of the problem (L.2]).

272 272 272

If K is not bounded, then (I2)) does not always has a solution. However, let
o € X be arbitrary and set K, = K N B(o,r). If K, # 0, then, by Theorem [2.4]

there exists an z, € K, such that (u,,z,)u.ers is a solution of the problem
(), 7,9y >0 forall ye K,. (2.1)

Theorem 2.8. The problem (L2)) has a solution if and only if there exists anr > 0
such that the solution of 2.1)), that is, (uy, Ty )u,eTs, with x, € K, satisfies d(o, x,) <

r.

Proof. If the problem has a solution (u, z)zers, then (u,z)ger, is a solution of
the problem (2.1I) and thus d(o,x) < r is satisfied. Now, assume that there exists
an 7 > 0 such that (u,,z,),.cre, with z, € K, satisfies d(o,x,) < r. Let y € K
be arbitrary. We can choose t € (0,1) such that (1 —t)z, ® ty € B(o,r), that is,
(1—-t)z, dty C K, and d(x,, (1 —t)z, ® ty) = td(x,,y). Then we have

0< 2<m,a:r((1 — )z, D ty§>
= d*(u,, (1 — )z, © ty) — d*(zp, uy) — d*(2,, (1 — t)z, © ty)
< (1 —=t)d*(uy, 7)) + td*(up, y) — t(1 — )d* (2, y) — d*(x,, u,) — 2d* (2, y)
= 2t(d*(uy, y) + d*(x,, 2,) — d*(uyp, 2,) — d* (21, y))

= 24,7, T,0)-

Hence,
<m,m> >0 forall ye K,
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that is, (4, )y, eTe, 18 @ solution of the problem (I.2)). O

Theorem 2.9. Let T : K — KC(X) and o € X be fized. If there exist xop € K and
ug € Txy such that
(ut, Zot) — (ot Tot)
d(z, x0)
in whichu € Tz such that d(z,u) = d(z,Tx), then the problem (L2) has a solution.

— 00 as d(x,0) = 00

Proof. Let r, M € R such that d(ug,zo) < M, d(xg,0) < r and
(i 52 — (s, 75 > Mol (o, o)
for all x € K with d(z,0) > r. Then, for all z € K with r = d(z, 0), we have
(i k) > (i B3 + Mol (o, a0)

> —d(ug, xo)d(xg, ) + Md(ug, xq)

A%

(M — d(.flf(], x))d(uo, LU())
> (M — d(xg,x))(d(x,0) — d(zg,0)).

If (W, X )u,ers, is a solution of the problem (1), then we have

<UTSL’T,LU0$L’T> = _<urxr7xrx0> < 07
which implies d(x,,0) < r. Hence, by Theorem 28] the problem (L2)) has a solution.

O

3. RESULTS CONCERNING CONVERGENCE ANALYSIS

In this section, it is assumed that X is a complete CAT(0) and K is a nonempty,
closed and convex subset of X. Since a CAT(0) space is also a hyperbolic space

then the following is still true:

Lemma 3.1 ([22]). Let (X,d, W) be a uniformly convezx hyperbolic space with mod-
ulus of uniform convexity 6. If d(x,a) < r, d(y,a) < r and d(z,y) > r for any
r>0,e€(0,2), A\€0,1], and a,z,y € X, then we have

d(1 =Nz Ay, z) < (1 —=2X1 = X)d(r,e))r.

Proposition 3.2 ([23]). Assume that X is a CAT(0) space. Then, X is uniformly

convex and 6(r,€) = £2/8 is a modulus of uniform converity.
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Lemma 3.3 ([23]). Let X be a complete CAT(0) space with modulus of convezity
d(r,e) and let © € E. Suppose that d(r, ) increases with v (for a fized €), {t,} is
a sequence in [b,c| for some b,c € (0,1), {x,} and {y,} are sequences in X such
that imsup,, . d(z,,z) < r, limsup,_,. d(y,,x) < r and lim, o d((1 — t,)z, &

tnYn,x) =1 for some r > 0. Then we have lim,_, d(z,,y,) = 0.

Theorem 3.4. If T': K — KC(X) is a nonexpansive mapping, {x,} is a bounded

sequence in K with A-lim,,_,o z, = z and lim,_, d(x,, Tz,) = 0, then z € K and
zeT(2).

Proof. By Lemma [[.3] we have z € K. We can find a sequence {y,} such that
Yn € Txy, d(zp,yn) = d(x,, Tx,) which implies lim,, ., d(z,,y,) = 0. We can also
find a sequence {z,} in Tz such that d(y,,z,) = d(yn, T2). Since Tz is compact,
there exists a convergent subsequence {z,,} of {z,}, say lim; , 2,, = u € T'z. Now,

we have

d(@n,, u) < d(Tn,, Yn,) + d(Yn,s 20,) + d(zn,, 1)
d(@n,, Yn;) + d(Yn;, T2) + d(2n;, u)
d

(Tnyy Yn,) + H(Tp,, Tz) + d(2p,, u),

<
<

IA

which implies
limsup d(z,,,u) < limsup H(Tx,,,Tz)
1—00 1—00
and A-lim; ,o, z,, = 2. By the nonexpansiveness of T, we have H(Tx,, Tz) <
d(x,,, z), which gives
lim sup d*(z,,, u) < limsup H*(Tz,,, Tz) < limsup d*(z,,, 2)

which further yields z = u € T'z. O

Lemma 3.5. If T : K — KC(X) is a nonezpansive mapping and {x,} is a bounded
sequence in K with lim, o d(x,,Tx,) = 0 and {d(x,,p)} converges for all p €
F(T), then wy(x,) C F(T) and wy(z,) includes exactly one point.

Proof. Assume that u € w,(z,). Then, there exists a subsequence {u,} of {z,}
with A({u,}) = {u}. Also, by Lemma [[.3] there exists a subsequence {v,} of {u,}
with A-lim,, o v, = v € K. Now, by Theorem B.4l we have v € F(T'). Therefore,
by Lemma [I.4] we conclude that u = v which yields w,,(z,) C F(T).
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Now, we consider a subsequence {u,} of {z,} with A({u,}) = {u} and A({z,}) =
{z}. Since u € wy(z,) C F(T), {d(z,,u)} is convergent. Hence, by the conclusion of

Lemma [[.4] we have x = w. This means that w,(x,) includes exactly one point. [

Theorem 3.6. If T : K — C(X) is a nonexpansive mapping with F(T) # 0 and
Tp = {p} for all p € F(T) and {z,} is a sequence in K defined by (LI)) with
liminf, o B,(1 — B,) > 0, then {z,} is bounded, lim, o d(z,,Tz,) = 0, and
{d(zn,p)} converges for all p € F(T).

Proof. Let p € F(T), then T'(p) = {p} which implies that
d(u,p) = d(u, Tp) < H(Tx, Tp) < d(z,p).
for all z € K and u € Tx. Hence, d(u,p) < d(z,p). Now, we have

d(2n,p) = d(Pr((1 — B2)2n & Brwy), p)
<d((1 = Bu)xs & Bywy, p)
< (1= B2)d(xn, p) + Bud(wn, p)
< (1= B2)d(xn, p) + Bud(xs, p)
< d(@n, p),

Ay, p) = d(P((1 — 0wy & vy, p)
< d((1 = an)w, ® apvn, D)
< (1 — ap)d(wy, p) + and(vy, p)
< (1 = an)d(2p, p) + and(zn, p)
< d(zn,p),

and d(zy+41,p) = d(Px (un), Px(p)) < d(un,p) < d(yn,p).
Therefore, d(zp11,p) < d(Yn,p) < d(x,,p) which implies that

lim d(z,,p) = lim d(y,,p) =k, keR.
Since d(wy,p) < d(x,,p) and d(v,,p) < d(z,,p) < d(x,,p), we have that

lim sup d(wy,p) < k,limsup d(v,, p) <k,

n—o0 n—o0
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and
d(yn, p) = d(Px((1 — o) wy ® ann, p)
< d((1 = an)wy ® vy, p)
< (1 — ap)d(wy, p) + and(v,, p)
< (1 = ap)d(xn, p) + @nd(z,, p),
< d(an, p),

which implies that lim,, ., d((1 — a,)w, ® a,v,,p) = k. So, by the conclusion of

Lemma [B.3], we get lim,, . d(w,,v,) = 0. Now, we have the following estimates:

d(ymp) = d(PK((l - O‘n)wn D oznvn,p)

< d((1 = ap)w, ® apvn,p)

< (1 — ap)d(wy, p) + and(v,, p)

< (1 = ap)(d(wn, vy) + d(vn, p)) + d(vn, p)
< (1= o) d(wn, vy) + d(vy, p),

which gives k < liminf,_,, d(v,,p).
Since d(vy, p) < d(2n,p) < d(24,p),

lim d(z,,p) = k.

n—oo

By (CN#*) inequality, we have

d*(2,p) = d*(Pr((1 = Bn)an © Buwy), p)
< d*((1 — Bn)wn @ Bown, p)
< (1= Ba)d*(wn, p) + Bud® (wn, p) — (1 = Bn) Bud® (20, wy)
< (1= Bo)d* (20, p) + Bud? (@0, p) — (1 = B) Bud?® (0, w0)
< & (@0, p) = (1= By) Bud? (2, wn),
which implies that (1 — 8,)Bnd? (2, wy) < d2(2, p) — (20, p).
Since limy, o0 (d*(wn, p) — d*(2n,p)) = 0 and liminf, (1 — 3,)8, > 0,

nh_)rrolo d(zp, w,) = 0.

Hence, lim,, o d(z,, Tx,) = 0. O
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Theorem 3.7. If T : K — KC(X) is a nonexpansive mapping with F(T) # 0
and Tp = {p} for all p € F(T) and {x,} is a sequence in K defined by (LII) with
liminf,, o B.(1 — B,) > 0, then {z,} is A-convergent to p € F(T) in which (p,p)
is a solution of (L2)

Proof. Since lim,, o, d(z,, Tx,) = 0, {d(x,,p)} converges for all p € F(T). By
Theorem B.6], {x,,} is a bounded sequence. It follows from Lemma 3.3 that w,,(x,) C
F(T) and wy(z,) includes exactly one point p € F(T') in which (p,p) is a solution

of (I2)). O

Theorem 3.8. Let K be compact and T' : K — C(X) be a nonexpansive mapping
with F(T) # 0 and Tp = {p} for allp € F(T). If {x,} is a sequence in K defined
by (L) with iminf, . B,(1 — B,) > 0, then {x,} strongly converges to q € F(T)
in which (q,q) is a solution of (L2).

Proof. By Theorem B.6, we have lim,, o, d(T'z,,x,) = 0 and lim,,_,, d(z,, p) exists
for all p € F(T). Since K is compact, there exists a convergent subsequence {z,,}

of {z,}, say lim; o ,,, = ¢. Then, we have
d(q,Tq) < d(q,xpn,) + d(zp,, Txn,) + H(T 2y, Tq)
< 2d(q, xp,) + d(zp,, Txy,). (3.1)
By passing to the limit on ¢ in (B.1), we obtain ¢ € TYq. O

Example 3.9. Let X = R? and K = {(m,y) 0< 2,0 <y, 2?2 +9y*< 1}. Define
an operator 7' : K — KC(X) by

e =iy [(59)]

s L\272
Then T is a nonexpansive mapping with (0,0) € F'(T") and 7°(0,0) = {(0,0)} which
is also a solution of problem (.2]). The convergence behaviours of iteration scheme

(LI for different choice of initial points are shown in Figure [II
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FIGURE 1. he convergence behaviours of iteration scheme (L) for
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4. COMMON SOLUTION OF SYSTEM OF VARIATIONAL INEQUALITIES

Let K; C X be a finite family of nonempty, closed and convex subsets of CAT(0)
N
space X with N K; # 0. If T; : K; — C(X) are multivalued mappings for i =

=1
1,..., N, then the system of variational inequalities problem is

Find (u;, @)u,eriz such that <1ﬁ,ﬁ> >0 forall ye K;, i=1,...,N. (4.1)

It is obvious that problem (1)) reduced to problem (L2) for N = 1. The importance
of studying problem (4.1)) is underlying on fact that it is a unification of many

problems. For example,

i) if we take T; = 0 for alli = 1,..., N, problem (1)) reduced to the following

convex feasibility problem

N
Find xeK:ﬂKi;

1=1

N
i) if T;, i = 1,..., N is a self operator and K = () F(T;), then problem (1)
i=1
becomes a common fixed point problem.

Example 4.1. Let X = R? and

1
Kn:{(x,y):ogx, 0<y, 2 +y* < %}

forallm e {1,2,...,N}, N € N. Define 7,, : K,, - KC(X) by
T.(z,y) = B m=((sinz — n,siny —n)) forall ne {1,2,...,N}.

Then T, for all n € {1,2,..., N} is a nonexpansive mapping without a fixed point.
Also, (—n, —n) € T,,(0,0) so that ((—n, —n),(0,0)) is a solution of problem (4.1I).
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N
Let K = (| K; # 0 and x; € K. Then, the modified proximal multivalued
i=1
Picard-S iteration is defined by

N
Lptl = PK @ An,iun,i s
=1
N N
Yn = PK @ Ay i Wn g S @ ﬁn,ivn,i )
i=1 1=1

N
Zn = PK Yn,0Tn s> @Vn,iwn,i> s n Z 07 (42>

1=1

in which u,; € Tiyn, wn; € Titn, vni € Tizn, { i}y {onit, {Pni}s {7ni} are real
sequences in [b, ¢] C (0, 1) satisfying

N N N
Shi=1 D (it hu) =1 D mmi=1.
=1 =1 i=0

We shall show that the iterative scheme defined by (4.2)) is convergent to a common
fixed point of family of non-self multivalued nonexpansive mappings {7;}%,. This

fixed point is also a solution of the system of variational inequalities problem (4.1]).

Lemma 4.2 ([12]). Let (X,d) be a complete CAT(0) space, {x1,x2,...,2,} C X,
and {1, Ao, ..., Ay} C[0,1] with Y"1 N = 1. Then, one has

d (@ )\Z'LUZ', Z) S Z )\Zd(SL’Z, Z)
i=1 i=1
for every z € X.

We shall prove the following lemma before go further.

Lemma 4.3. Let X be a complete CAT(0) space with modulus of convezity 6(r, )
and v € X. Suppose that 0(r,€) increases with r (for a fized €) and {t,;} with
SN ti = 1 is a sequence in [b,c] C (0,1). Assume further that {x,;}5>,, i €
{1,2,..., N} are sequences in X such that

N
limsupd(z,;,z) <r and lim d (@ tn7z~a:n7,~,:£) =r
n—oo

n—00 )
=1

for some r > 0. Then, we have lim,,_,o d(n k, Tny) =0 for k,l € {1,2,...,N}.
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Proof. If r = 0, then the proof is clear. Now, let » > 0. Since limsup,,_,.. d(Z, z) <
r for each ¢ = 1,2,..., N, then, by Lemma 2] we have

N

N

thi ni

I; d n,4 ] < 1 n,t d )

Ji & €D = i | <l ) (i)
itm i#m

N
t .

< lim E — _ (limsupd(z,,, =

T n—oo P 1_tn,m( P ( ’ ))

n—00

N,
< i =
< Jmd g e
im
for every m=1,2,..., N.
Assume that d(x,k, x,;) - 0 for fixed k,1 € {1,2,..., N} with & # [. Then,

there exist subsequences {x,, x}, {xn,} of {2, } such that inf,d(x, x, z,,) > 0. Since

N N
tn,i
d (@ tn,ixn,ia I’n,m> =d (1 — tn,m) @ mxn,i S tn,mxn,mu Tn,m
i=1 =1 ’
i#m
al tn,i
S(l - tn,m)d @ ?J;n,ia Tn,m + tn,md(xn,m7 $n7m)
im ’
al tn,i
:(1 - tn’m)d @ ?fljn,i; xn,m )
im ’

0< d(l’n,k, ZL’n,l)

N N
S d (@ tn,ixn,ia xn,k) + d <@ tn,ixia xn,l)
=1 =1
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N

As ty g, tn € [, c], by positivity of d, we have d [ €D lf’;f T iy T g | 0. There-
i=1,i#k ™
fore, there exists a subsequence {x, x} of {z,} for some k = 1,2,..., N, such that
X N
d ( lf’;ﬁxm, xnk) > 0 so that d(zpp,z) <r,d| 132;;%&7 x) < and
=1 7 i=1,i#k '

N N
tni
nh—>nolod (@ tn,ixm, ;U) = nh_)n;.lo d (1 — tn,m) @ 1_ 7tn7kxn’i D tn,mxn,my X =T.

i=1 =1
ik

Now, we can apply Lemma and hence, the proof is done. O

N

From now on, it is assumed that X is a complete CAT(0) and K = () K; is a
i=1

nonempty, closed and convex subset of X in which K; C X is a nonempty, closed

N
and convex subset with K = () K; # 0 for alli = 1,2,..., N.

i=1
Lemma 4.4. Let {T;}Y, be multivalued nonexpansive mappings from K to CC(X)
N
with F = (| F(T;) # 0, T;p = {p} for allp € F. Then, the sequence {x,} defined
i=1
by (L2) is bounded and the limit lim,,_, d(z,,p) exist for all p € F.

Proof. Let p € F. Then, by the definition of {z,}, we have

N
d(xn-l-lap) = d(PK (@ )\n,iun,i)up>
=1

<

WE

)\n,id(un,ia p)
1

.
Il

NE

)\n,id(un,iu ]_YZ )

1

-
Il

WE

1

-
Il

WE

)\n,id(yna p)
1

(Yns ),

.
Il

I
.



20 F. GURSOY, E. HACIOGLU, V. KARAKAYA, G. V. MILOVANOVIC, AND I. UDDIN

N N
d(yn7 p) =d (@ Oy ;Wn g S @ Bn,ivn,iu p)
i=1 =1
N N
<Y o id(wn i, p) + Y Buid(vni, p)
=1 i=1
N N
< nid(wn g, Tp) + > Boid(vni, Tip)
i=1 =1

N N
<Y H(Tiwn, Tip) + Y B iH (Tiz, Tip)
=1 =1

N N
S Z an,id(znap) + Z 5n,id(zn>p)a
=1

i=1

and

N
d(zn,p) =d <7n,0xn s> @ f)/n,iwn,iap>

i=1
N
S 7n,0d(zn7p) + Z ’}/n,id(wn,iap)

i=1

N

S Vn,Od(zn>p) + Z ’}/n,id(wn,ia Ep)
i=1
N

S ’Vn,Od(xmp) + Z fYn,zH({szm TYZP)
i=1

N
< Yn0d(@n, p) + D Ynid(n, D)

i=1

= d(xnvp)u

which leads to d(y,,p) < d(z,,p), d(zn,p) < d(z,,p), and d(x,11,p) < d(zp,p).
Thus, we conclude that the lim,, ., d(x,, p) exist and the sequence {x,} is bounded.
O

Lemma 4.5. Let {T;}Y., be multivalued nonexpansive mappings from K to C(X)
N

with F = ( F(T;) £ 0, T;p = {p} for allp € F. Let {x,} be a sequence defined by
i=1

(@2). Then, we have lim,,_,. d(x,, Tiz,) =0 for alli=1,2,...,N.
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Proof. Let p € F. By Lemma [£.4] the limit lim,,_,, d(x,,p) exist and the sequence
{z,} is bounded. Now, let lim, o d(z,,p) = c¢. Since d(y,,p) < d(x,,p) and
d(tn i, p) < d(yn,p),limsup,,_,. d(yn,p) < c and limsup,,_, . d(tni,p) < c. By the
same arguments, we obtain that limsup,,_, . d(z,,p) < ¢ and limsup,,_, . d(v,;,p) <

¢, limsup,,_, .. d(z,,p) < ¢, and limsup,,_, . d(w, ;,p) < c. Moreover, we have

N N
c= lim d(@p+1,p) = Jim d (@ An,iun,iap> < lim Zl Anid(Uni, ),

=1

ie.,

N N
< < <
c nh_)rrolo Z A limsup d(uy, i, p) nh_)nolo Z Anic < ¢,

n—oo

which gives

N
lim d (@ Aup> =c.

i=1

It follows from Lemma that lim,, o d(tni, up;) = 0 for all ¢,j = 1,2,..., N.

Therefore, we get

d(Un,i, p)

N
d(In+1>p) = d (@ )\n,iun,iap>

i=1

IN

d(Un,i, Unm) + d(Upm, D)]

N
S d(un,mvp) + Z An,id(un,iv un,m)v

i=1

which implies that liminf, . d(um,p) > cforallm=1,2,... N.
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Since limsup,,_,. d(tn;,p) < ¢ and d(un;p) < d(Yn,p), im, oo d(tn s, p) =
lim,, 00 d(Yn, p) = ¢. On the other hand, we have

N N
c= nll_{lgo d(ynup) = nh—>nolo d (@ an,iwn,i @ @ Bn,ivn,i7p>

N N
< lim Z i lim sup d(w,,, p) + Z B, lim sup d(wy, ;, p)]

n—oo < n—o00 - n—00
Li=1 i=1

TN N
< 1 . .
< Jim 1D oniet 3 6] <e
Li=1 i=1
which yields
N N
nh—>nc}o d (@ Qi Wh i D @ Bn,ivn,i7p> =C.
By Lemma [.5] we have

nh_)rrolo d(Vn,iy Un,j) = nh_)rrolo d(Vpiy W ;) = nh_)Irolo d(w,;, Wy, ;) =0 (4.3)

forall 7,7 =1,2,..., N. Now, we have
N N
d(yru p) =d (@ Qo Wy 4 © @ /Bn,ivn,iu p)
N N
< Z Qi d(Wn 4, p) + Z Brid(Vni, p)
i=1 i=1

N N
S Z an,i [d(wn,ia 'Un,m) + d(vn,ma p)} + Z ﬁn,id(vn,ia p)

=1 =1
N N N
S Z an,id(wn,i7 Un,m) + <1 - Z ﬁn,z) d(vn,mvp) + Z ﬁn,id(vn,hp)
=1 =1 i=1
N N
= Z an,id(wn,ia Un,m) + d(vn,map) + Z ﬁn,i [d(vn,iap) - d(vn,map)}

1=1

i=1
N

S Z an,id(wn,i7 Un,m) + d(vn,ma p)
i=1

+ Z ﬁn,i [d(vn,ia Un,m) + (d(vn,map)) - d(vn,map)] )

i=1
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ie.,

N N
d(Yn,p) < Z an,id(wn,iu Un,m) + d(vn,mam + Z @L,id(vn,ia Un,m)- (4.4)
i=1 i=1
Estimates (43)) and (4.4) yield liminf, . d(vym,p) > ¢ for all m = 1,2,..., N.

Since limsup,,_, ., d(vn,p) < ¢ and d(v,;p) < d(zn, D),
lim d(vy;,p) = lim d(z,,p) = c.
n—o0 n—oo

Now, we have

¢ = lim d(zp,p)

n—o0
N
= nh_)n;lo d <%70:L’n &5 6_? %,z'wm'ap)

N
< lim |y, 0limsupd(z,,p) + Z Yn,s lim sup d(wy, ;, p)]
n—00 i n—00 i—1 n—00

N
S lim fYn,OC + nyn,iC] S C,

n—00 -
=1

which implies
N
nh—golo d <7n,0xn D @ ’}/n,iwn,iap> =C.
i=1
Aslimsup,,_, . d(x,,p) < cand limsup,,_,. d(w,;,p) < ¢, it follows from Lemma[4.3]
that lim, oo d(2p, Wy ;) = lim, o0 d(wyi, wy, ;) = 0 for all 4,5 = 1,2,..., N. Hence,
d(zy, Tix,) < d(xy, wy,,;) and lim,,_,o d(x,, Tix,) =0 foralli =1,2,..., N. O

Theorem 4.6. Let {T;}Y, be multivalued nonexpansive mappings from K to KC(X)
with F' = ﬂf\il F(T;) £ 0, Tip = {p} forallp € F. Let {x,} be a sequence defined by
[@2). Then, {x,} A-converges to p € F' in which (p,p) is a solution of the problem

(@1).

Proof. It follows from Lemmas [£4] and that lim,, o d(x,,p) exists for all p € F
and lim,,_,. d(x,, Tiz,) = 0 for all i € {1,2,..., N}, respectively. Let wy,(z,) =
UA({u,}) in which union is taken on all subsequences {u,} of {x,}. For A-
convergency of {z,}, it is enough to show that w,(z,) C F and w,(z,) contains

single point.
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By Lemma [[3] we have wy,(z,) C K. Let u € wy(x,), then there exists a
subsequence {u,} of {z,} such that A{u,} = {u}. By Lemmas [[3] and 4]
there exists a subsequence {v,} of {u,}, which A—convergent to v. Let fix i €
{1,2,...,N}. As T,v is compact, then one can choose z,; € T;v with d(v,, z,;) =
d(vy,, Tyv) for all n > 1. Also, by the compactness of T;v, there exists a convergent
subsequence {z,, ;} of {z,,} such that z,, , — w; € T,v. By the nonexpansiveness

of T;, we have
d(Vny,, 2ny i) = d(Vn,, Tiv) < d(vn,,, Tivn,) + H(Tjvn,, Tiv)
< d(vp,, Tivp,) + d(v,,, v).
Thus,
d(vp,w;) < d(Vny,, 2y i) + A(2ng i, wi) < d(Vp,, Tivg, ) + d(Vn,, 0) + d(2n, 4, w;),

which further yieldslim sup,,_,. d(v,,, w;) < limsup,,_,., d(v,,v).

By the uniqueness of the asymptotic centers, we have w; = v € Tijv. As i €
{1,2,..., N} is arbitrary, we have v € ' = ﬂf\il F(T;). By Lemmas [£.4] and [[L4]
lim,, o0 d(x,,, v) exists and u = v € F. Thus, we have w,(x,) C F.

Consider a subsequence {u,} of {x,} with A{u,} = {u} and A{z,} = {z}. Since

u € wy(z,) C F and lim, o d(x,,v) exist, we have u = x by Lemma [[.4 O

Theorem 4.7. If K is compact and {T;}Y., are multivalued nonexpansive mappings
from K to C(X) with F = N\X, F(T;) # 0, Tip = {p} for all p € F, then the
sequence {x,} defined by ([A2) strongly converges to p € F in which (p,p) is a
solution of problem ({4.1]).

Proof. By Lemmas .4 and L5, we have that lim,, . d(z,,p) exists for all p € F
and lim, . d(x,, Tjz,) = 0 for all i« € {1,2,..., N}. Since K is compact, there
is a convergent subsequence {z,,} of {z,} with lim; . z, = q. Then, for all
i€{1,2,..., N}, we have

By passing to the limit on k£ in (4.5), we obtain ¢ € T;q for all i € {1,2,...,N}.
Hence p € F. 0]
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Example 4.8. Let X = R? and K,, = [0,7)? for all n € {1,2,...,N}, N € N.

Define T, : K,, — KC(X) by
sinx siny

Ty )
T 5 - B T — [_, _:| y Tn 5 - B T — P — 3 f > 1
1(#,9) = By |53 (2,4) = Buozy { n n } s

Then, T,, for all n € {1,2,..., N} is a nonexpansive mapping and has a fixed point
(0,0) € T,,(0,0) = {(0,0)}. Therefore, {(0,0), (0,0)} is a solution of problem (Z.II).
The convergence behaviours of iteration scheme (4.2) for different choice of initial

points for N = 3 are shown in Figure

(A) Graphs in [0, 72 (B) (A) zoomed in [0, 0.3]?

6

—iter. 1
—iter. 2
14 iter. 3
iter. 4
iter. 5

06

04

02

FIGURE 2. The convergence behaviours of iteration scheme (4.2) for

different choice of initial points (A-B) and for the same initial point

(©).
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